
18 Chapter 2. Delayed Relay Controller Design

Figure 2.3: Flows for the 3D linear model plotted in ↵, ✓̇, ↵̇ state space. The curves
are projected onto the surrounding planes to make the plot clear.

has two degrees of freedom in rotation instead of just one like in 2 dimensions.
Consider the switching plane to be generated by the span of two linearly indepen-

dent vectors, ~v and ~w, then translate it to make it intersect the flow at the correct
point. For the plane to be tangential to the outbound flow at the switching point,
one of those vectors must be the tangent vector of the system at the switching point,
which can be labeled ~v. The other vector was chosen to exploit the fact that the pe-
riodic trajectory appears to approximately lie in a plane, as seen in Figure 2.3 on the
plane of constant ↵ where the projection essentially forms a line. In order to reduce
the problem to being similar to the 2D case, ~w should be chosen to be perpendicular
to the plane on which the flows lie.

The value for ~v can be found by calculating the velocity vector ~̇x at �~x0 using the
expression

~̇x = Ā3 · ~x0 + B̄3 ⇤ u = ~v1 (2.13)

so that the velocity being calculated is the outbound velocity from the switching
point. To find a vector perpendicular to the plane of the 2 flows, I calculated the
vector for the inbound velocity,

~̇x = Ā3 · ~x0 � B̄3 ⇤ u = ~z (2.14)

and taking the cross product ~w = ~v ⇥ ~z which will be perpendicular to ~v and ~z and
therefore approximately perpendicular to the plane on which the flows lie.

Now that the switching plane is determined by the spanning pair of vectors, it
remains to actually write down the switching function g : R3 ! R and to make sure
that the switching function intersects with the flows on the correct points ~p±. Finding
~p proceeds exactly as in the 2D case, using the flow operator � to numerically calculate


