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sphere, with the two decompositions converging as N ! 1 [1].

Figure 3.1: Voronoi decompositions of two computed solutions to the Thomson Prob-
lem (s = 1) corresponding to N = 100 (left) and N = 1000 (right). Colored points
map to cell shape: 6-sided cells are colored black, 5-sided cells are red, and 7-sided
cells are blue. Large clusters of blue and red points on the right sphere indicate that
the particles have not yet settled into an energy minimizing configuration.

In order to use these Voronoi decompositions to assess the quality of our computed
solutions to the s = 0 and s = 1 Generalized Thomson Problems, we recall that for s 2
[0, 2], energy minimizing configurations are asymptotically equidistributed, which for
finiteN ought to manifest as an especially small spherical cap discrepancyD(XN). On
the Euclidean Plane R2, point configurations which minimize D(XN) tend to arrange
themselves into regular hexagonal lattices, appearing in the Voronoi decomposition
as a distinctive honeycomb pattern [15]. Similarly on S2, we expect approximately
equidistributed points, and by extension our solutions, to adopt the same hexagonal
packing pattern, interrupted by occasional pentagonal “defects” necessitated by the
geometry of the surface [1]. Furthermore, for a moderate choice of N , i.e. 60  N 
5000, we expect these defects to arrange themselves roughly along the 12 vertices of
an icosahedron, spreading out as N increases past this point [1].

Figure 3.1 presents the Voronoi decompositions of two of our computed solutions
to the classical Thomson Problem (s = 1) corresponding to N = 100 and N = 1000
respectively. In the N = 100 case, we can see from the shapes and coloring of the
Voronoi cells that the particles have reproduced the expected hexagonal “honeycomb”
packing with pentagon defects also roughly in their expected positions, the regular-
ity of the hexagon cells likely only compromised by the relatively small choice of N .
Looking to the N = 1000 decomposition on the other hand, despite the fact that the
majority of the sphere is covered by the expected regular hexagonal packing, much of
the surface is marred by clusters of pentagonal and heptagonal points. Although the
presence of some these clusters is expected in most minimal energy configurations,
they are usually small in size (only 3 or 4 points), and distributed regularly across
the surface. The fact that there are so many spread throughout the sphere, and es-
pecially since we see isolated pairs of blue and red points which, given enough time,
should always either join another group or collapse into a pair of black points [15],


