MATHEMATICS 322
ASSIGNMENT 7
Due: October 28, 2015

The Homogeneous Wave Equation

Let f and g be complex valued functions defined on R3. We propose to solve
the Homogeneous Wave Equation:

(o) Yee(t, x,y, 2) — (AY) (¢, z,y,2) =0

subject to the Initial Conditions:

(.) ’Y(vavyaz):f(ma%z% 'Yt(07377y,z) :g(a:,y,z)

Of course, v is the complex valued function defined on R*, required to be
found. To be clear, we recall that:

(At 2, y,2) = Yaa (2, Y, 2) + vyy (6 2,5 2) + 722 2,y 2)
The Method of Fourier: Spherical Means

We pass to the Fourier Transform of ~:

At u,v,w) = /// 'y(t,a:,y,z)e‘“"’”“““’z)m(dxdydz)

y(t, x,y, 2 /// (t, u, v, w)e T YT  (dydydw)
R3

In the foregoing relations, we have adopted the following notational conven-
tion:

(@)

1
m(dudvdw) = ——=dudvdw, m(dzxdydz) =

@ )3/2 dxdydz

1
(2 )3/2
Clearly:
Yer(t, 2y, 2 /// At (t, u, v, w) +’("’”+“y+wz) m(dudvdw)
R3

(A (t, 2y, 2 /// u? 0% +w?)A(t, u, v, w)e T T FVTOR) g (dudydw)
R3



We obtain the following reformulation of equations (o) and (e):
() Fue(t w0, w) + (W2 0% +w?)y (t w0, w) = 0

(o) 30, uv,w) = flu,v,w), 30, u,v,w) = §(u,v,w)
Now 4 must take the form:

:Y(t’ u? v? w)

= f(u,v,w)cos(vu2+v2+w?t)
1
N

+ §(u,v,w) sin(vVu?+v2+w?t)

01° We need to recover v from 4. To that end, let h be a complex valued
function defined on R3. Let v, be the complex valued function defined on R*
as follows:

1
Vul+oi+w?t

(1) vn(t,u, v, w) = h(u, v, w) sin(vVul+v2+w?t)

Verify that:

. 0
V(tauvvvw) = &tl/f(t,u,v,w) —l—tl/g(t,u,v,w)

Let pp, be the complex valued function defined on R* as follows:

(2) pa(t,x,y,z) = /// U (t, u, v, w)e T YT (dydydw)
R3

Verify that:

0
(*) ’)/(t,l‘,y,Z) = Etuf(t7x7yaz)+tug(t7x7yaz)

02®* To check that the foregoing solution of the Wave Equation meets the
required initial conditions, we show that, by definition (1):

tuh(t,u,v,w)‘tzo =0

0 .
—tvp(t, u, v, w = h(u,v,w)

ot

M=o
2

wtuh(t,u,v,w)hzo =0



03°* But we need to present py and py in a more perspicuous form. To that
end, review a prior class discussion to obtain::

1 1 Lo
(3) \/ﬁsin(v u?+vi4w?) = o // e HEHVTH0E) 0ho5(0)dpdh
U v w b

where X is the unit sphere in R? and where:

04°* Clearly, for any positive number t¢:

1 , 1 o
msm( w2+ v2+w?t) = ywrs //Z e+z(ut;c+vty+wtz)t2608(9)d¢d9
Show that:

~ 1 o _ =
v (t, u, v, w) = h(u, v, w) s // e TVt +wiZ) 2 0650 dpdl
)

so that:

pn(t, .y, 2 /// Un (t, w, v, w)e T YO (dydydw)
R3

(4)
47rt2/ h(x +tZ,y + t, z + t2)t*cos(0)dpdo

Clearly, un(t,z,y,z) is the average value of h over the sphere of radius ¢
centered at (z,y, 2).

05° Obviously, the foregoing relation is sensible for any value of . One refers
to up as the Spherical Mean defined by h. Now we can present the solution ~y
of the Wave Equation in terms of Spherical Means, as follows:

y(t,x y,Z)

) 875477752 // f(x +tz,y +ty, 2 + t2)t>cos(0)dpdo
*

T e //Z g(x + 12,y + ty, 2 + tz)t>cos(0)dedo



06°* Apply relation () to find the solutions to the Wave Equation subject to
the following initial conditions:

f(z,y,2) = exp(—r?); g(x,y,2) =0

f(xayvz) = 07 g(x,y,Z) = exp(—rz)

where r? = 22 + y? + 22

07* Study this problem for class discussion. Let € be a (small) positive
number. Let s be a smooth real valued function defined on R? such that
5(0,0,0) # 0 and such that, for each (z,y, ) in R?, if € < r then s(z,y, z) = 0.
Apply relation (%) to obtain (in theory) the solutions v° and v* to the Wave
Equation, subject to the initial conditions:

(O) f(J?,y,Z)ZS(J),y,Z); g(xvyaz)zo = ’Yo(tvxvyaz)

(0)  fl@y,2)=0; g(@y,2) =s(x,y,2) = (2y2)

Let ¢t be any positive number. Let §° and §° be the functions defined in terms
of v° and ~°, as follows:

6°(w,y,2) = 7°(t, 9, 2); 6% (w,y,2) =7 (t, z,y,2)

Describe the supports of §° and 6°. By definition, the supports are the smallest
closed subsets S° and S°® of R3 in the complements of which the functions
0° and 0°® are, respectively, equal to 0. The object of this basically geometric
exercise is to show the pattern of “propagation” of the small disturbance s at
time 0, under the two quite different initial conditions (o) and (e).



