MATHEMATICS 211
ASSIGNMENT 8
Due: November 5, 2014

01° Let p, «, and B be positive numbers for which:
a/p?+ 32 =1
Let T be the curve in R3 defined as follows:
I'(s) = (pcos(as), psin(as), afs)
where s is any number. Verify that:
IT(s)l = 1

where s is any number. Hence, s is the arc-length parameter. Let T', N, and
B be the tangent, normal, and binormal vectors for I', respectively, defined

as follows:
T(s)=T"(s

N(S) = WT,(S)
B(s) =T(s) x N(s)

where s is any number. By the Serret/Frenet formulae, we have:

where s is any number and where x(s) = ||77(s)|| and 7(s) are the curvature
and torsion, respectively, for I' at I'(s). Calculate x(s) and 7(s). By explicit
calculation, verify that:

(%) N'(s) = —=r(s)T(s) + 7(s)B(s)
where s is any number.
[ We find that:
T(s) =T"(s) = (—apsin(as),apcos(as),af)

Hence:
IT(s)l = IT(s)[| = Va2p? +a?p2 =1

Moreover:
T'(s) = (—a?pcos(as), —a?psin(as),0)
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We obtain the curvature x:

A(s) = 17(s)]| = a%p

Hence: )
N(s) = H—S)T,(S) = (—cos(a s), —sin(a s),0)
Now:
B(s) =T(s) x N(s) = (af sin(as), —af cos(a s), ap)
so that:

B'(s) = (a®Bcos(as),a’Bsin(as),0) = —7(s)N(s)

where 7 is the torsion:
7(s) = a®p
Finally, we find that:

N'(s) = (asin(as), —acos(as),0)

and:

— £(s)T(s) +7(s)B(s)

— a?p(—ap sin(as),apcos(as),af) + a?Blaf sin(as), —aB cos(as), ap)
so relation () holds true. ]
02° Let I be the curve in R? defined as follows:

VIits? 2s log(s+\/1+—82))
VERRRES V5

where s is any number. Repeat the steps in the foregoing problem.

I(s) = (

[ See the Mathematica notebook SpaceCurves.nb. |

03° For a curve parametrized by arclength, the Serret/Frenet formulae stand
as follows:

T = KN
N' = —kT + 7B
B = —TN
Let:
A=71T+kB



Show that:

T = AxT
N = AxN
B = AxB

[ The relevant relations are:
TxN=B, NxB=T, BxT=N
These relations hold for any orthonormal triad. Now we obtain:
AXT=(T+kB)xT=7TxT+kBxT=0+xN=T
and so forth. |

04° Let a be a positive number. The Curve of Viviani traces (part of) the
intersection of the cylinder:

and the sphere:
332 —|—y2—|—22 _ (2&)2

in R®. One may parametrize the curve as follows:

x(t) 1+ cos(t)
)=y | =a sin(t) 0<t<m)
z(t) 2sin(t/2)

Note that the parameter ¢ is not the arclength parameter. Find the curvature
k and the torsion 7 of the Curve of Viviani. To do so, you may (if you wish)
apply the following general formulas:

1 ! 1
K(t) = W”F () x T ()|

1

7(t) = m(r (t) x T"(t)) o« T"(2)

[ See the Mathematica notebook SpaceCurves.nb. |



