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1 The Equation of Newton

1°  For now, we take the Sun to be “motionless.” See Section 9. We place
the origin O of our cartesian coordinate system at the position of the Sun and
we orient the axes in arbitrary manner. Under these assumptions, we may
describe the motion of a given Planet by a curve I', which assigns to each
number ¢ in an appropriate time interval J the position I'(¢) occupied by the
Planet at time ¢:

T =y | e

Of course, we assume that I'(t) # O. Ignoring the effects of the other Planets,
we conjoin Newton’s Laws of Motion and Newton’s Gravitational Principle
to express the Equation of Newton governing the motion of the Planet, as
follows:

ooy mM 1
m 0 = ~CrireE Grort®
1

(N)

where m and M are the masses of the Planet and of the Sun and where G
is the gravitational constant. Our objective, now, is to derive the (empirical)
Laws of Kepler from relation (IN).

2°  To make the following computations more legible, we will sometimes
(without comment) drop display of the time variable ¢.



2 Planar Motion

3°  Let us consider the angular momentum vector C' for the Planet, defined
as follows:

(1) O(t) :=T(t) x (mI°t)  (te.J)

We have: )
—.C°
m

I'xTI° 4+ TI'°xTI°

1

= 0

Hence, C' must be constant on the interval J. Let us assume first that C is
not O. Under this assumption, we infer that, for each ¢ in J, I'(t) must lie
in the plane which passes through O and which is perpendicular to C. See
Figure 1. In turn, let us assume that C' = O. In the next section, we will show
that, under this assumption, I'(¢) must lie along a fixed straight line passing
through O. In general, we infer that:

(o) The Planet moves in a plane passing through the Sun.

This statement is the first part of the First Law of Kepler.

Figure 1: Planar Motion



3 Elliptic Orbits

4°  Now let us consider the curve A defined by normalization of the curve

I
1

Obviously, |[T||> =T e T'. Hence, 2|[T[| |T[|> =T eI +T° o I'. Tt follows that
IT|IT]I° =T e I'°. By common knowledge:

Px(TxT°)=TeIl°)T —(Tel).T"°
Using these relations, we obtain:

A® = —|[T[|?|[T[|°.0 + [T} ~.T°
=TT fT)e.r = r)2.r°)
= —|I0|73.(T e T°).T — (T« I").T"°)
= —[IT)|7*.(T x (T x T°))

= (GM)™1(I°° x (I x I'°))

= (GM)™1(I*° x m~L.C)

By the foregoing computation, we are led to introduce the Runge/Lenz vector
FE for the Planet, defined as follows:

@) B(t) = —m.r(t) + GLM.(FO(@ < %.C) (te)

Obviously, E° = O, so that E must be constant on the interval J. By common
knowledge:

T°xm 1.C)el' = (I'xI°)em™L.C

Hence:
Eel = —|T| T eT)+ (GM) 1 ((T° x m™1.C) oT)
= =[0I~ HT)* + (GM)~'m 2| C)
so that:
(3) DI+ EeT(t)=¢  (te.J)
where:
() 0= (G
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5° If both E = O and C = O then I" would have constant value O on J,
which cannot be so. Hence, either £ # O or C # O. If C' = O then E # O
so that, by the definition of E, I' = —||T'||.E. In this case, the Planet moves
along the straight line through O defined by E. If E = O then C' # O so
that, by the basic relation (3), ||I'|| = £. In this case, the Planet moves along
a circle centered at O with radius ¢. Later, we will consider the linear and
the circular cases carefully. For now, let us assume that both E # O and
C # O. In this general case, we may (and shall) take the interval J to be R.
See Section 9.

6° Since e C' =0 and (I'° x C) ¢ C' = O, we have:
Ee(C =0

Now we may reorient our cartesian coordinate axes so that the vector E falls
on the positive z-axis and the vector C falls on the positive z-axis:

€ 0
E=10], c=1o0
0 Y

)
L) = | y(t) | = | r(®)sin(e(t)) (teR)

where r and ¢ are the polar coordinates in the xy-plane. In this setting,
relation (3) takes the form:

r(t) + er(t)cos(p(t)) = ¢ (teR)

That is:
Y4

") = ey R

We infer that the Planet must move along a conic section in the zy-plane,
with eccentricity e. When 0 < € < 1, the conic section is in fact an ellipse.
When € = 1, it is parabola; when 1 < ¢, it is an hyperbola. Presuming that
the Planet moves on a bounded orbit, we may eliminate the latter two cases.
In this way, we obtain the second part of the First Law of Kepler:

(o) In its plane of motion, the Planet follows an elliptic orbit with the
Sun at one focus.

See Figure 2.
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Figure 2: An Elliptic Orbit
7° By common knowledge:
I x (I'xI°)=(I'°eIl°).T' — (I'eI).I°

Hence, for any ¢ in R, I'(t) e I'°(¢) = 0 iff I'°(¢) x C is a multiple of I'(¢). In
such a case, I'(t) is a multiple of E and therefore T'(¢) lies either at perihelion
II or at aphelion A. In the former case, the distance between the Planet and
the Sun is minimum; in the latter case, maximum.

8° Let us consider the energy function h for the Planet, defined as follows:

(5) h(t) = %m||F°(t)||2 - Gmelt)” (teR)

We have: . 5 e oo
m” b = [T |[T°)° + GM||T]|~=(|T|
=T° eI + GM|T|~?|T|[T]|°
=T°eI*° + GM|T| (I e T")
:FO.FOO_FOO.FO
=0

Hence, h must be constant on R. We claim that:

_1 L
(6) h= 2GmM£(e 1)



from which it follows that 0 < e < 1 iff h < 0. To prove the foregoing claim,
we note that:

EeFE
= (= IDI~" + (GM) (T x m™1.0))
o (—ITI7AE + (GM)~H(T° x m~1.C))
=1- 2||]_"||71(GM)71m72”CH2 + (GM)72m72||1-\0H2”CH2
so that:

(GM)*m?*(E o E — 1) = =2GmM T 7Y|C||* + m|[T°|]?|C|*

= 2h[|C|?

Relation (6) follows.
4 The Rule of Area
9°  We have:

0 x x° 0

m Lol =mtCc=xT°=|y| x|y ]|= 0

~y 0 0 xy° —ya’
which leads to the relation:
(7) 2ty () —y(O2° W) = L (teR)

This relation may be expressed in polar coordinates as follows:

®) Pt = = (teR)

In this form, the relation makes it plain that the function ¢ is increasing,
so that the Planet moves steadily counterclockwise about the origin in the

zy-plane. To be precise, we should say that the Planet moves steadily coun-
terclockwise about the directed axis defined by the angular momentum vector

C.

10° Let s be any moment in time. In turn, let ¢ be any moment in time for
which s < ¢. Let A(t) be the area swept out in course of time from s to ¢ by
the radial line joining the Sun to the Planet, and let a(t) be the measure of
A(t). See Figure 3. In that figure, we have made the innocuous assumption
that T'(s) = II, the perihelion.



Figure 3: Area

We plan to show that:

(9) (=31  (t€R)

This relation expresses the Second Law of Kepler:

(o) The radial line joining the Sun to the Planet sweeps out area at a
constant rate.

The rate is v/2m.

11° For the proof, let W (t) be the subset of R? comprised of all ordered

pairs:
U
v

for which 0 <u <1 and s < v <t. Let let H be the mapping carrying W (¥)
to R? defined as follows:

n(Ep=e () (2)ewon

Clearly, H(W (t)) = A(t). Hence, H serves as a parametrization of A(t). We
find that:



By the methods of the Calculus:
1 gt
a(t) :/ / u(x(v)yo (v) —y(v)z® (v))dudv
0 s
~ 1

= E(t - s)/o udu (by relation (7))

1y
— t —

2 m( S)
Relation (9) follows.

5 DPeriod and Scale

12° We have shown that the Planet must follow an elliptic orbit, defined by
the relation:

Y4
]- = —-——
(10) " 1+ ecos(¢)
where 0 < € < 1 and where:
1 7.
11 = — (L
(11) ()

One can show that the length of the major axis of the ellipse is 2a, where:

14

The length of the minor axis of the ellipse is 2b, where:
14

" b= oy =0 - Y
Obviously:
(14) a® =b* + %a?

From these elements, we obtain the area of the ellipse:

ZQ

(15) Wabzﬂm

By previous argument, we know that the radial line joining the Sun to the
Planet sweeps out area at the constant rate:

(16)



Figure 4: Elements of an Ellipse

Now we can compute the length of time 7 required for the Planet to complete
one circuit round the ellipse:

02 1~

rer )
(1—¢€2)3/2 2m
21
T - PR GMim
_9 l 1 1 v
- 7"(1 — 22 (GM)/2 (GM) 2 m
l 1 .
= 27r(1 — 2 (G2 42 (by relation (4))
= (G’Jifﬁaw 2 (by relation (12))
Hence:
2 4n?
(an e

This relation yields the Third Law of Kepler:

(o) The ratio of the square of the period of time required by the Planet
to complete one circuit of its elliptic orbit to the cube of the length of the semi
magjor axis of that orbit equals a constant.

The constant is 472/GM. It is the same for all the planets.

9



6 The Equation of Kepler

13° The Laws of Kepler provide substantial information about the motion of
the Planet but they do not directly yield values for the coordinates x and y
as functions of the time t:

x(t) r(t)cos(¢(t))
I(t) = ygf) = T(t)sig@b(t)) (teld)

To obtain such values, one must solve (numerically) the celebrated Equation
of Kepler. Let us describe the Equation and the procedure.

14° Following Kepler, we introduce a circle for which one diameter coincides
with the major axis of the elliptic orbit. Let I" be any position on the orbit
and let r and ¢ be its polar coordinates. We introduce the corresponding
position D on the circle and the corresponding angle 7, as described in the
following figure. One refers to ¢ as the true anomaly and to n as the eccentric
anomaly. Each angle determines the other, modulo 2.

Figure 5: Kepler’s Construction

10



15° Let z and y be the cartesian coordinates of I'. With reference to Figure
5, we have:

(17) x =rcos(p) = a(cos(n) —e), y=rsin(¢)=>bsin(n)
We find that:
2 = 22 42
= (acos(n) — ae)* + b*sin’(n)
= a®cos®(n) — 2a%ecos(n) + a*e® + (a® — €2a?)sin’(n)

= a? — 2a’%ecos(n) + a*e*cos®(n)

= (a(1 — ecos(n)))’

so that:

(18) r = a(l —ecos(n))

By the half-angle formulae:

reos”(56) = 5r(1 + cos(9))

_ %(a — aecos(n) + acos(n) — ac)
= Sa(l — (1 + cos(n)
= a(1 — eos* (1)

and:

rsin%%qﬁ) = %r(l — cos(¢))

1
= 5(@ — aecos(n) — acos(n) + ae)

Sall +6)(1 — cos(n)
=a(l+ e)sin%%n)

We conclude that:

(1- 2 tan(36) = (1 + /2 tan()
(19) % 12
(149" cot(50) = (1 — ) cot(5)

11



16° Now let ¢ be any moment in time and let I'(¢) be the corresponding
position of the Planet on its elliptic orbit. We may assume that I'(0) = II, the
perihelion. Let r(¢) and ¢(t) be the polar coordinates of I'(¢). By definition,
¢(t) is the true anomaly. By assumption, ¢(0) = 0. Let 7(t) be the eccentric
anomaly. We may assume that n(0) = 0. Let u(t) be the angle defined by the
following relation:

2

(20) ult) = =t

One refers to u(t) as the mean anomaly. We claim that:

(K) n(t) —esin(n(t)) = pt)  (teR)
This relation is the Equation of Kepler.

17° Let us prove relation (K). By relation (18), it is plain that relation (K)
is equivalent to the following relation:

(21) L) =" (teR)

By relation (19):

so that:
1 1-e/2 1 1
=2 1 / T 5%
14 T E tan2(§¢) (L+e)i 0052(5@ 2
_ 1 (1 62)1/2 1 d)o
((1 +e)+(1-— e)tanQ(%ng)) 0032(%@
— (1 _ 62)1/2 1 ]‘ 1 ¢O
(1+ 6)6052(§¢) +(1- e)sinQ(Ecﬁ)
— (1 _ 62)1/2 1 ]' T ¢O
1+ 6(6052(§¢) - sin2(§¢))
R NV S ST
=(1=€) 1+ ecos(¢)
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1 ., 1 1, . .
(am )2 = g?ﬁ(l - 62)£—2r2(¢ )2 (by relation (10))
_tly eyl oy ~
== 6(1 € )Z(m) (by relation (8))
1
= EGM (by relations (11) and (12))
2
= (;)2 (by the Third Law of Kepler)

Relation (21) follows.

18° By relations (20), (19), and (10), one may compute p from ¢, ¢ from
7, and 7 from ¢. By the Equation of Kepler, one may compute n from pu.
Schematically:

t—pu—n—o¢—r

However, the computation of 5 from p requires numerical methods. One may
proceed as follows.

19° Let u be any real number. Let F' be the mapping carrying R to itself,
defined as follows:

F(n)=p+esin(n)  (n€R)

Obviously:
[F°(n)] <€

By the Mean Value Theorem, F' is a contraction mapping, with contraction
constant €. That is, for any real numbers n’ and n":

(22) |[E(n') = F(n")| < el —n"|

By the Contraction Mapping Theorem, there is precisely one real number 7
such that F(77) = 7. By design, 7 is the (unique) solution to the Equation of
Kepler:

7 — esin(i) =
Moreover, one may approximate 77 with arbitrary accuracy, by applying the
following relation:

. 1
[FP(p) =7l < =" (peZh)
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20° Let us prove the foregoing assertions. Let = be the sequence of real
numbers, defined as follows:

22 &G=Fl(p)  (jeZ

Obviously, for any positive integers p and ¢, if p < ¢ then:

qg—1
1€ — &l < Z 1§51 — &5l

> (1) = F (u)|

=} ~
I
]

<> IF(u) = pl

=} ~
I
]

<
I
S

Since |F(p) — p] < €, we find that:

(23) € =&l <Yl = et
7=0

Consequently, = is a cauchy sequence. Let 77 be the limit of =:
j—ro0

By relation (22), F' is (uniformly) continuous. Hence:

F(n) = F(lim &) = lim F(§;) = lim &1 =17
so that F'(77) = 7. By relation (23):

6erl (p c Z+)

R
|77 ()l < 7—

Finally, for any real number 7, if F'(77) = 7} then, by relation (22):

| =1F () = F()] < el — 7]

=

|7 —

so that

3>
Il
B
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7 The Circular Case

21° Let us consider the circular case, characterized by the condition:
(24) C#0 and E=0

We contend that the foregoing condition is equivalent to each of the following
two conditions:

(25) for any t in J:
L Cl.
) = 0= — (1=
Ine) == o
(26) for some (and hence for any) ¢ in J:

D) eT°(H) =0 and [D(O)T°(0)] = GM

By relations (3) and (4), condition (24) implies condition (25). Since I"eI'° =
[IT|[|IT|° and since:

(TeI°)° =T eIl +T eI00

1
=|r°|> - GM Fel
Ty
1
= |T°|* = GM =
(Tl

condition (25) implies condition (26). Finally, let us assume that condition
(26) holds. Accordingly, let ¢ be a number in J such that I'(t) eI'°(¢) = 0 and
IT@)|[IT°(#)]|? = GM. Clearly:

[C} = m[IT@IT°@)] # 0
Hence:
(), T°(t), C
is a right-handed orthogonal frame. Moreover:
re@t)y xC = m||F°(t)||2.F(t)

so that: g 1 1

_ 1 L o 2
= T ) + G IO
=0

Condition (24) follows.

15



22° 1In the circular case, we may take the interval J to be R. See Section 9.
8 The Linear Case
23° Now let us consider the linear case, characterized by the condition:
(27) C=0 and E#O
By relation (2), that is, by the definition of E:
L) = —ITOILE  (te)
Obviously, ||E|| = 1. Let us reorient our cartesian coordinate axes so that the
vector E falls on the positive z-axis. By design:

= o |=-{ o (te )

In this context, the Equation of Newton takes the form:

oo _ 1
mx®°(t) = —GmMmm(t) (teld)
That is:
oo _ 1
(28) roo(t) = _GMTQ—(t) (teld)

Denoting r° by v, we may reformulate equation (28) as a coupled system of
First Order Ordinary Differential Equations:

r.= v

(29) (0<r, veR)

v° = —GMi2
r

For this system, there are no critical points. As one should expect, the energy
function:

1 1
hir,v) := §mv2 — GmM - (0<r,veR)
r
is invariant. Consequently, the level sets for h comprise (the ranges of) the

integral curves for the system. See Figure 6 for a qualitative impression of
these curves.

16



Figure 6: Integral Curves

24° For a given distance r, one defines the escape velocity © by the relation:

h(r,5) =0

5= /26 M2
r

Now one may contrive values for M and r such that v exceeds the velocity ¢
of light. Granted:

That is:

3
G=6673x10" 11"

=2 108
R R U

we find that:
M

c< v iff 3.957 x 10% kg <
m T

Following Laplace (1798), one may see in the relation just displayed a fore-
shadowing of the concept of the Black Hole.

17



9 Notes

The n-Body Problem

25° In describing the motion of a Planet, one invites error by presuming that
the Sun is motionless and by ignoring the effects of the other Planets. For a
precise description, one may proceed as follows.

26° Let n be a positive integer. Let:
mi,m2, M3, ... ,Mn
be the masses of the Sun and of the various Planets. Let j and k be positive

integers for which 1 < j <m and 1 < k < n. Relative to an arbitrary cartesian
coordinate system, we introduce the following notation:

0 < m;

r;= (7"]1,7"]2-,7"]3)

r = (rq, 1o, yTn)
v, = (v},vf,vf)

v = (v, Vo, Vi)

pir(r) = [lr; — x|
p(r) = min pik(r)

Let G be the gravitational constant. Conjoining Newton’s Laws of Motion and
Newton’s Gravitational Principle, we may express the Equations of Newton
governing the motions of the Sun and of the Planets as an Autonomous Second
Order ODE in 6n variables r:

mir]° = ZG mjm12 L
= pi()? pplr)

Mm:My, T'i —T
mpro’ = G—L =22 n
S O )



The equations (IN) can be converted to an Autonomous First Order ODE in
12n variables (r, v), as follows:

m;mip r; — I
m Vo —_ G J J
=2 pi(r)? pj(r)

o #1
rh=vi ° mjmg I'j — I
ry =V m2Ve = Z G
o PJQ(I') PJ2(I')
(NN) . % (0 < p(r))
r, =V

MpV

m;m, r; —r
o _ jMn Iy n
n=2_G .

227 00 pyalr)

27° Now let T" be an integral curve for (NIN) defined on an appropriate time
interval J:

L(t) = (x(@),v(t) = (c(t),x°(1))  (t€J = (a,]))

Let us introduce the following notation:

,u‘:z:mja r=
J

==

> myr;
J
and let us form the function:
B 1
f) = - mr () (te)
J

o

One can easily show that r° is constant, so that:

Ix1l

(t)=s+tw  (telJ)

where:
g p—

_ 1
E m;s;, W = ; E m;w;
J J

Accordingly, we might convert to a cartesian coordinate frame with moving
origin at T(t).

==
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28° Let us introduce the following notation:

Ur) =337 (0 < p(r))

5= Pir(r)
T(v) = 5 S milv; P
E(r,v)=T(v) - Ul(r)
16) = 5 3 m

J
c(r,v) =Y mjr; x v,
j

One can easily verify that:

m;i;mg r; —Ig
pik(r)? pjk(r)

(Vel)(r) =) G

J#k
where: 9 9
(VeU)(r) = (8—7%[](1“), a2

In turn, let us form the functions:

92

U(r),
(x) 87“%

U(r))

Ut) =U(x(t))

T(t)=T(v(t)) =T(x(t))

E(t) = E(x(t),v(t) =T(x°(t) —U(x(t)  (teJ)
I(t) = I(r(1))

c(t) = c(r(t),v(1))

One refers to U as the potential energy of the system, to T as the kinetic
energy, to E as the total energy, to I as the moment of inertia, and to c as
the angular momentum. One can easily show that E and c are constant. The
components of s, w, and ¢ and the number E comprise the ten fundamental

constants of the motion for the system.

29° One can prove the Identity of Lagrange and Jacobi:
I*°=T+FE=U+2F

and the Inequality of Sundman:

lel* < (21)(2T) = 4I(I*° - E)

20



From the foregoing relations, one can prove the two basic assertions of Sund-
man’s Theory of Collapse:

%EX})I(t)zOz>b<oo
and:
%EI@):O:C:O
where b is the right endpoint of the interval J:
J = (a,b), —0<a<0<b< +0

One can find a very readable discussion of these and other matters in H.
Pollard’s book: Celestial Mechanics.

The 2-Body Problem

30° For the case n = 2, one may reduce the foregoing n-body problem to the
Kepler/Newton problem, by describing the motion of one body (the Planet)
with respect to the other (the Sun) or by describing the motion of each of the
bodies with respect to the center of mass of the two. One begins with the
following equations:

mamm;i rs —I;
miri° =G

[[ra = raf|? [fra —raf]
mimso ry —ro

[r1 —raf? [lr1 — r2

(N) (0 < [ry = r2f])

mery’ =G

Let us introduce the following notation:
r=ry — Iy, pw=my+ma
By subtraction, we find that:
[T s

(N') r’° = _GWW (0 <|x[})

Now it is plain that the motion of the second body with respect to the first
proceeds as if the second body were a “Planet” moving with respect to a

“Sun” of mass p. The motion of that “Sun” will be clear in a moment.

31° In turn, let us introduce the following notation:

1 ) )
r:;(m1r1+m2r2), qQ=r —F,  Qqy=ry—T

21



By diligent computation, we find that:

oo M1 q1
(N7) qa° = -Gr—s——7  (0<[a])
! ! lall? flaul]
where:
g = miap?
and:
oo H2 q2
(N5) a’ =-G (0 < laz])
? g azl? [laz||
where:
po = mip~?
Since:

mi1q1 +maqz =0

the foregoing equations are equivalent. In any case, the center of mass r moves
with constant velocity and each of the bodies moves with respect to r as if
it were a “Planet” moving with respect to a “Sun” of mass defined by the
foregoing relations.
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