THE THEOREM OF FUBINI IN TWO DIMENSIONS

Let J be a block in R2:
J =1a,b] x [¢,d]

and let f be a real-valued function defined and bounded on J. For each number y in [c,d], let f,
be the real-valued function defined on [a,b] as follows:

fy(@) = f(z,y)
where z is any number in [a,b]. We asssume that:
() f is integrable over J
and that:
(e) for each number y in [¢,d], f, is integrable over [a,b]

Let g be the real-valued function defined on [¢, d], as follows:
b
o) = [ fila)ds
a
where y is any number in [¢,d]. We will prove that g is integrable over [¢,d] and that:

) [ [ iy = [“swar= [*( [ 1mac)ay

One refers to this result as the Theorem of Fubini. We begin the proof by introducing an arbitrary
positive real number €. Since f is integrable over J, we can introduce a partition:

P:P1><P2
where:
P: a=uw<us< -+ <Up=2=
P: c=vwp<um< - <wv, =d
such that:
U(f,P)—L(f,P)<E
Of course:

L(f,P) < / / f(x,y)dady < U(f, P)



Let k be any index (0 < k < n) and let y be any number in [vk, vi11]. We have:

m—1 m—1
LJk UJ+1 - uj) < Lj(fyapl)(ujJrl - Uj)
j=0 =0
b
S/ fy(@)dz = g(y)
a
m—1
< Uj(fy, Pr)(uj1 — uy)
7=0
m—1
< Uji(f, P)(uj41 — uy)
§j=0
S0:
m—1
Lik(f, P)(uj1 — uj) < Li(g, P»)
7=0
and:
m—1
g;PQ < Ujk u]+1—u])
7=0
Hence:
n—1lm-—1
L(f, P) = Lk (f, P)(uj1 — uj) (k1 — vg)
k=0 j=0
n—1
< Li(g, P2)(vky1 — k)
k=0
= L( 7P2)
S U(gv PQ)
n—1
= Ur(g, P2)(Vkt1 — vk)
k=0
n—1m—
<> Z k(F P) (W11 = uy) (vkr — vg)
k=0 j=0
=U(f,P
< L(f,P)+¢

Since € is arbitrary, we conclude that g is integrable over [c, d] and that (o) is true. ///



